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Numerical Study of Strong Slot Injection into a
Supersonic Laminar Boundary Layer
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This paper addresses the problem of strong slot injection into a supersonic laminar boundary layer within the
framework of triple-deck theory. A previous numerical technique for the same problem presented a "pressure
sensitivity" or instability due to the ineffective imposition of the downstream boundary condition and could not
account for separation ahead of the slot. The present study removes these two limitations. Solutions to the triple-
deck equations are presented for a wide range of wall injection velocities, and the onset of separation is indeed
found to occur ahead of the slot.

Introduction

THE general problem of predicting the influence on the
flowfield of injecting a secondary fluid into a well-

developed boundary layer is of great practical significance.
For example, fluid injection is widely used in the aircraft
engine industry for reducing heat transfer across turbine
blades and is an effective means of controlling transition or
separation (blowoff) of boundary layers over airplane control
surfaces. This paper addresses the particular case of strong
slot injection into a high Reynolds number supersonic laminar
boundary layer over a flat plate, within the framework of the
triple-deck theory of Stewartson et al.M The injection
velocity and the slot length are therefore assumed to be
respectively of order Re-3/8Uw and Re~3/8x0. 0^ is the
freestream velocity, x0 the length of the plate preceding the
slot, and Re the asymptotically large Reynolds number,
RC^U^XQ/V, v being the kinematic viscosity and the
superscript ~ indicating physical quantities. For these
conditions three regions or decks are identified around the
slot: the lower, middle, and outer decks, characterized by
viscous, inviscid rotational, and inviscid irrotational flow
conditions and having characteristic heights of order
Re-5/8x0, Re~1/2x0, and Re~3/8x0 respectively. For a
detailed review of the triple-deck theory and its most im-
portant applications, see Ref. 2.

Smith and Stewartson3'4 consider the problem of slot as
well as plate injection into a supersonic laminar boundary
layer. They provide a comprehensive review of the literature,
formulate a rigorous asymptotic analysis for the strong in-
jection problem, and analyze the connections of their theory
with the problem of weak and massive blowing. For the case
of strong blowing by slot injection, of interst here, Ref. 3
provides analytical solutions for the linearized equations,
valid when the injection velocity is small in the triple-deck
scaling, as well as a numerical technique for the full nonlinear
problem. However, such a numerical technique presents a
"pressure sensitivity," or instability, due to, as the authors
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themselves acknowledge, the lack of effectively accounting
for the downstream boundary condition. Furthermore, it
cannot account for boundary layer separation ahead of the
slot, most likely to occur for large injection velocities as
anticipated by the authors3 and numerically verified by
Werle5 for a finite value of the Reynolds number. The aim of
the present paper is to remove these two difficulties by
providing a numerical technique which effectively accounts
for the appropriate downstream boundary condition and
properly predicts the onset of separation. A detailed study of
the slot injection problem for a finite value of the Reynolds
number has been recently presented by Werle,5 who solved
the interacting boundary-layer equations in Levy Lees
variables with the numerical technique of Werle and Vatsa6

from which the present one has been derived. In a sense,
therefore, this study is the entension of Werle's work5 to very
high Reynolds numbers. In addition, while Werle did not
account for the ressure gradient discontinuities across the slot
leading and trailing edges produced by a uniform injection
velocity, here such a refinement has been successfully in-
troduced on the line suggested in Refs. 5 and 7.

Governing Equations
The problem of interest is that of laminar supersonic flow

of a Newtonian fluid past a flat plate. At a distance x0 from
the leading edge of the plate, fluid is injected into the
boundary layer with a normal velocity vw of order ^U^
through a slot length, xs -x0, of order e3x0, where e8 = \/Re.
For this situation, the triple-deck theory of Stewartson and
Williams1 holds almost intact. Independent and dependent
variables are nondimensionalized according to the following
scalings:

— 1\3/8

(Ml-I)

(1)

(2)

(3)

(4)

(5)

In Eqs. (1-5), x,y,u, and v are the longitudinal and normal
coordinates and velocity components respectively; p is the
pressure, p the density, M the Mach number, T the tern-
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perature, ^ the viscosity coefficient, C=(jiwfo:>/fJL(XTw is the
Chapman constant, and A = 0.332 is the Blasius skin friction
coefficient. Subscripts oo and w indicate freestream and wall
conditions, respectively.

Equations (1-5) are then substituted into the compressible
Navier Stokes equations and, to first order in the perturbation
parameter e, the following triple-deck equations are obtained:

, = o

_
d̂x

with boundary conditions

u(x,0),= 0

<6a)

(6b)

(7)

(8)

(9)

(10)

In the momentum equation (6b) the pressure gradient dp/dx is
related to the displacement thickness profile <5 by the
following linear inviscid interaction law:

for x<O and x>xs
r
w elsewhere

and the initial condition

dp d2d
(11)

Because of Eq. (11), the triple-deck fundamental problem
given by Eqs. (6-11) is of the boundary value type. A boun-
dary condition is therefore required for/? (or 5 equivalently)
at upstream as well as downstream infinity. Here:

6(*-»-oo)=0

=0

(12a)

(12b)

Numerical Method
The numerical technique of Napolitano et al.8 has been

adopted to the present problem of strong slot injection into a
supersonic laminar boundary layer. Here, only an outline of
the method will be given, together with a detailed description
of the differences between the present scheme and the one
used in Refs. 8 and 9. A relaxation-like time derivative for the
displacement thickness is first added to the right hand side of
the momentum equation [Eq. (6b)] to give

dd
dt (13)

is a known function and Eq. (14a) is solved numerically
coupled to continuity Eq. (6a) to provide w*, v*, and 6*. In
the second sweep, the d" + 1 distribution is obtained by solving
numerically the following equation

which is obtained by equating the right-hand sides of Eqs.
(14a) and (14b) and replacing (dp/dx) n + 1 with (d2d/dx2)n + 1

according to the interaction law, Eq. (1 1). The n + 1 time level
pressure gradient is finally evaluated as

and the whole process is repeated until a satisfactory con-
vergence criterion is met. Note that Eq. (15) is the one which
properly accounts for the boundary value nature of the
problem by imposing a downstream boundary condition for
dn+1 at every second sweep of the iteration process. In the
Smith and Stewartson3 numerical technique this boundary
condition was instead satisfied only at the end of the iterative
solution process, which therefore developed a "pressure
sensitivity," or instability, equivalent to the branching
phenomenon of the hypersonic strong interaction problem.10

Solution of the * Sweep Equations
The continuity and momentum equations (6a) and (14a) are

centered at points C and M, respectively, of the com-
putational domain given in Fig. 1, in order to use the very fast
Davis11 coupled scheme and to obtain second-order accuracy
in the normal y direction; the equations are written in finite
difference form as follows:

Continuity:

^y

Momentum:

Q , . — u* "I>+i,j uu cw\
Y — v•*• / -|- J Ay J

2Ay dx

(18)

Then a two-sweep alternating direction implicit (ADI)
procedure is used to relax the equations in time until con-
vergence is achieved. In the two sweeps, the solution is ad-
vanced from time tn to time t* = tn + Af/2 and then from t* to
tn + 1 = t*+At/2, by writing the respective momentum
equations as:

(uux + vuy-uyyr=-(-^)" (14a)

(14b)

where X = 2/A/. In practice the numerical algorithm proceeds
as follows. In the first sweep, the pressure gradient (dp/dx) n

a windward differencing coefficient, equal to 0 if wfy is
positive and to 1 if u^j is negative, thus providing automatic
windward differencing of the longitudinal convective term in
Eq. (18) and of the longitudinal derivative in the continuity

Fig. 1 Computational grid.
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Eq. (17). The superscript 0 indicates values taken from the
previous * time level. Note that the finite difference Eqs. (17)
and (18) allow for a variable grid distribution in the
longitudinal x direction, which is a new feature with respect to
Refs. 8 and 9. Also, the continuity Eq. (17) is centered here at
the xt location and the nonlinear convective terms of the
momentum Eq. (18) are linearized in time, instead of in space.
In this way the discontinuities in the ux and v values at the two
edges of the slot are accommodated automatically, and
windward differencing of the continuity Eq. (17) is possible.
As in Refs. 8 and 9, the longitudinal and normal velocity
components at the current time (*) and location (/), ufj and
vfj9 are split as follows:

and

(19a)

(19b)

Equations (19a, b) are then introduced into Eqs. (17) and (18),
and the resulting two sets of coupled linear algebraic
equations for UJ9 Vjt uj9 and Oj for (j=\,J) are efficiently
solved by Davis coupled scheme.11 All the details of the
solution procedure are given in Ref. 9. The wall (/=!)
boundary condition for the normal velocity component, given
by Eq. (8) as

(20)

is satisfied by imposing

Vi = V».i (21a)

Vj=0 (21b)

In order to properly account for the discontinuous injection
velocity profile Kw; ( Kw, =0 at all the grid points located on
the solid wall and Kw, = Kw at those on the slot), a grid point
was always made to coincide with either edge of the slot. Also,
these two grid points must be assumed to lie on the same side
of each edge for consistency. In this study, they were taken to
be immediately ahead of it so that Fw n = 0 and Vw>I2 = Vw
where the xn and x/2 grid points coincide with the slot leading
and trailing edges, respectively.

After the solution for UJt VJ9 ujt and vj is obtained at all
the y^ locations, the value df is found by imposing boundary
condition Eq. (9) at the last grid pointy; ufj and vfj are then
recovered by means of Eqs. (19a) and (19bj and the solution
process is advanced to the next location xi+1.

(23b)

Note that boundary condition (12b) has been used here in
place of its equivalent 6(x— oo)-»0 because p(x) = dd/dx
decays to zero as x-~ oo faster than 6. Such a higher decay rate
obviously leads to higher accuracy when the asymptotic
boundary conditions are imposed at a finite distance *7, as in
the present study. Actually, imposing 67 = 0 was found here to
produce highly inaccurate results, probably because of the
resulting constriction on the injected flow, which was not
allowed to be washed away downstream. Boundary condition
Eq. (23b) was instead found to be fully satisfactory for all
present calculations.

Numerical Accommodation of Pressure Gradient Discontinuities
A special treatment of the second sweep Eq. (15) is required

at the two grid points coinciding with the leading and trailing
edges of the slot. At either such location the pressure gradient
dp/dx and the displacement curvature d2d/dx2 [see Eq. (11)]
are discontinuous, that is:

„ +Ko
0+ \dx/0_ °

and

(24a)

(24b)

In Eqs. (24a, b), the subscript 0 indicates either point of
discontinuity (for convenience) and the superscripts - and +
refer to locations immediately to the left and right of it.

Since the grid points in the computational domain have
been chosen to coincide with the 0 - location, the three point
finite difference representation of dxx used in Eq. (22) must be
modified in order to correctly approximate (6^) 0_ . For this
purpose a Taylor series expansion is written around the 0
location to the right and to the left as follows:

\~dxJn 1 —Xn (25a)

and

(X_j-X0)2

2
(25b)

Solution to the n +1 Sweep Equation
The second sweep equation (15) is written in finite dif-

ference form as

(xi+i ~xt-i ~~ xi

(22)

where the variable grid finite difference representation for
(d2d/dx2)"+; has been taken from Blottner.n

Equation (22) is straightforwardly solved by the Thomas
algorithm with boundary condition Eqs. (12a) and (12b)
imposed at the first and last xt locations, respectively, as:

dj=0 (23a)

By combining Eqs. (25a), (25b), and (24b) to eliminate
(dd/dx)0 and (d2d/dx2)0+9 the following appropriate finite
difference representation for (d2d/dx2 ) 0_ is obtained.

Note that 6 and dd/dx are continuous through 0 and that Eq.
(26) is first-order accurate in Ax if (d28/dx3)0+ -
(d3d/dx3 ) 0_ is finite. The present approach has been already
successfully used in Ref. 7 for the solution of the viscous
shock layer equations past a spherically blunted cone for
which the surface curvature is discontinuous across the
sphere-cone juncture. Here, the additional difficulty that the
pressure gradient jump K0 is not known a priori must be
accommodated. K0 is therefore obtained numerically by
extrapolation of the n time level pressure gradient profile as
follows:

dp dp
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Equation (26), with K0 given by Eq. (27), is used in the second
sweep Eq. (22) at either slot edge grid point, thus allowing for
a proper representation of the discontinuous dp/dx profile.
The correctness of this approach will be verified in the results
section.

Stretching of the Longitudinal Coordinate
The present numerical technique has been seen to use a

variable grid in the longitudinal direction x. In the present
problem, the solution varies very rapidly in and around the
slot region, whereas it has a very slow variation upstream and
downstream of the slot. Therefore the following stretching of
the longitudinal x coordinate was employed:

x = x

and

for 0<x<xs

for

for x<0

(28a)

(28b)

(28c)

The constants Kl and K2 are obtained by requiring that at
x=xs (the end of the slot) Eq. (28b) produces x='xs, and its
derivative (dx/dx)Xs=K1xs equals 1. Note that for these
values of Kl and K2 Eq. (28c) and its derivative also give x = x
and (dx/dx) 0 = 1 at the beginning of the slot, x = 0.

Transformations (28a) and (28b) produce, for a constant
step size in the original x coordinate, a step size in the
stretched coordinated, which is constant (Ax=Ax) inside the
slot (0<x<xs) and gradually grows (Ax>Ax) outside of it
(x>xs and x<0). In the present study, for example, where a
slot length xs = 5 was considered, so that K]=0.2 and
K2 = 1.25, for an unstretched computational domain in the x
direction given by -8<x<13, the stretching allows one to
move the limit of numerical integration as far as -20.8 and
-1-25.8 with the same number of grid points. Thus, for the
same level of accuracy (same values of Xj and xf) the variable
grid reduced the computational effort by more than 50%. The
bar over the stretched coordinate will be dropped from now
onward for convenience.

Results
In the present study, results for only one slot length (xs = 5)

will be presented. Such a length was chosen because it is one
of the two cases for which Smith and Stewartson3 provide a
nonlinear solution and is the one for which Werle5 presents
his finite Re calculations. In this way, the capability of the
present scheme of resolving the difficulties of the Smith and
Stewartson3 numerical technique can be tested, and an
assessment of the Reynolds number influence is provided. The

p/vw

-0.5 -

^m \ u
Fig. 2 Normalized pressure profiles.

scheme has been verified to be able to treat different slot
lengths as well.

First, a small wall injection velocity, Fw=0.1, was con-
sidered in order to compare the present results with those
given by the linearized equations.3 Such a comparison was
particularly important in order to verify the validity of the
pressure gradient discontinuities treatment previously
described. In Fig. 2 the pressure obtained with the present
scheme for 1^=0.1 is compared with the linear solution
(K^l) obtained by numerically evaluating the integrals of
Ref. 3. The agreement is excellent, and the pressure gradient
discontinuity appears to have been captured very satisfac-
torily. A step-size study was performed in order to fully assess
the reliability and accuracy of the present technique. Figure 3
shows a normal and longitudinal step-size study for the
pressure at the beginning of the slot (x = 0). The pressure
indicated by I is obtained by standard Euler integration of the
pressure gradient dp/dx. Those indicated by II and III are
obtained by a forward and backward first-order difference
representation of d<5/djt, respectively. If 5 and dd/dx=p are
continuous across the slot leading edge (whereas
d2d/dx2=dp/dx is discontinuous), (<57 -d0)/(x} -x0) and
(<$0 — d _ 1 ) / ( x 0 — x _ j ) should both linearly approach the
exact p(6) value, as Ax—>0. Figure 3 shows that this is indeed
the case. The three pressures all tend to the same limit linearly
as AJC—0. Also, such a limit value is seen to be within less than
1% from the linear result (also indicated in Fig. 3). It appears
though that a very small step size Ax is necessary in order to
obtain accurate solutions; for A* = 0.25, the three values of
pressure differ from the extrapolated "exact" result by as
much as 15%. In the present study, all the values plotted in
Figs. 2 and 4-6 have been obtained by linearly extrapolating to

o. 1

1.1

1.0

p ( 0 ) / V

II

I
0 .25

Ax
Fig. 3 Step size studies.
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Ax = 0 the numerical solutions obtained for A* = 0.25 and
Ax = 0.2.

Figure 3 also shows that the scheme is second-order ac-
curate in the normal direction y and that a step size Ay = 0.3
provides very accurate results (within 0.1% from the ex-
trapolated to Ay = 0 value). A constant Ay step size (Aj = 0.3)
was thus used throughout. All the results presented are
believed to be accurate within plotting accuracy.

The most important reason for presenting a numerical
technique for the full set of nonlinear equations is to be able
to predict the onset of separation. Solutions were therefore
obtained for various values of Kw. Figure 4 shows the wall
shear profile (obtained by a second-order accurate, three-
point finite difference representation for du/dy)
corresponding to Vw =0.1, 0.5, ancj 1.5. The Vw =0.1 profile
essentially reproduces 'all the features of the Smith and
Stewartson3 linear solution. The 1^=0.5 profile is very
interesting in that it allows an important point to be made.
The only nonlinear solution provided in Ref. 3 is for a value
Vw =0.4677. This solution is very similar and close to the one
(for Kw =0.5) presented in Fig. 4 and, in particular, shows the
same behavior immediately after the leading and trailing
edges of the slot. Such behavior is due to the origin of a
Goldstein sublayer at each of these two points, and in Ref. 3 a
special scaling of the y variable near y - 0 was found necessary
to resolve these fine flow details. Figure 4 clearly shows that
the present scheme, by maintaining second-order accuracy in
the y direction and properly accounting for the slot edge
discontinuities, is perfectly capable of capturing this fine
structure of the solution, even with a constant Ay. Finally, the
Vw = 1 and 1.5 profiles show the effect of increasing the wall
injection velocity on the wall shear. In particular, for the

-0.2

1
Fig. 4 Wall shear profiles.

highest value ( Kw = 1.5) separation occurs ahead of the slot as
anticipated in Ref. 3 (where such a feature could not be
handled) and found by Werle5 at a finite value of Re.

Figures 2 and 5 show the pressure and displacement profiles
(for Vw =0.1, 0.5, and 1.5) normalized with respect to Vw. As
for the case of flow past a parabolic hump,8'9 linear theory
results are seen to hold over a wide range of Vw. The
nonlinear results provide only slightly higher values of p and b
for Vw =0.5. For Vw = 1.5, separation is seen to smooth the
displacement body, thus producing a somewhat flatter
pressure distribution.

All the present results qualitatively agree with WerleV
finite Re results. A more detailed study of the effect of Vw on
the peak pressure value /?(0) was pursued in order to make a
more precise assessment on the Reynolds number effects.

Figure 6 provides a comparison between the present results
[p(0) vs Vw] and those obtained by Werle.5 The linear and
nonlinear results of Smith and Stewartson3 are also reported
for completeness.

The present results show that linear theory underestimates
/?(0) or Vw < 1.1 overestimates p(0) for Vw > 1.1. Whereas the
present results agree very well with those available from Smith
and Stewartson,3 those given by Werle5 are markedly higher,
especially in the range of Kvv>0.5. Incidentally, the present
results predict incipient separation for Vw = 1.1, whereas
Werle5 found separation at Kw = 0.8. It is worth noticing that
Werle's results are not extrapolated to zero step size and do
not accommodate the pressure gradient discontinuities at the
slot edges; they are therefore believed to be less accurate than
the present ones. However, the major part of the discrepancy
is most likely due to the Reynolds number influence. In fact,
triple-deck theory has already been found to be reliable only
for very high Re values in the case of supersonic flow past a
compression corner.12 For that case, though, the (Re— oo)
triple-deck pressure is higher at the corner but lower down-
stream of it than any (finite Re) "interacting boundary-
layer" value. It would be interesting to obtain interacting
boundary-layer results for a wide range of Re to further
clarify this point. Werle suggested that the present p(0) vs Vw
profile given in Fig. 6 seems to hint at the existence of a
pressure plateau, typical of supersonic interaction,1'2'12 for
the slot injection problem as well. It is the intention of the
author to improve the present numerical technique in order to
be able to compute the results corresponding to higher values
of Vw and thus to verify this point of fundamental im-
portance. Presently, in fact, for Kvv>1.5, severe convergence
difficulties are encountered. Already for Kw = 1.5 the time
step At had to be reduced from 2 (the optimal value for
Vm<\) to 0.4, in order to obtain convergence. Correspond-
ingly, the number of iterations grew from about 30 for

1.5

1.0

p ( 0 )

0.5

-5 10

V

— — LINEAR

O Ref . 3
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V Ref.' 5 (.
( R e = 5 . 7 - 1 0

I

0.5 1.0
V

1 .5

Fig. 5 Normalized displacement profiles. Fig. 6 Peak pressure dependence on Vw.
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Kw=0.1, to 100 for Kw = l, and 500 for Kw = 1.5. The
numerical range of integration was - 20.8 <x< 25.8
throughout, and 0<y<yj with^y ranging from 12 to 21 with
growing Kw.

In all the cases, the u velocity profile was verified to take on
a linear growth over several grid points around yjt and the
solution was verified not to change by further increasing the
range of integration for x. Each two sets of results (Ajc = 0.25
and Ax = 0.2) required from about 20 s (K w =0.1) to 8 min
(Kw = 1.5) on an AMDAHL 470. For Kv v>0.1, Vw was in-
creased by 0.1 at each iteration until the final value was
obtained. All the computations were started with a uniform
shear flow taken as initial condition. Introduction of a
variable grid in the normal direction as well is expected to
again halve the computational effort without any loss of
accuracy.
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employed in a power generating plant, in an automobile engine, in an aircraft jet engine, or whatever, requires a large and
fast mass flow or throughput in order to meet useful specifications. The impetus for the study of turbulent combustion is
therefore strong.

In spite of this, our understanding of turbulent combustion processes, that is, more specifically the interplay of fast
oxidative chemical reactions, strong transport fluxes of heat and mass, and intense fluid-mechanical turbulence, is still
incomplete. In the last few years, two strong forces have emerged that now compel research scientists to attack the subject
of turbulent combustion anew. One is the development of novel instrumental techniques that permit rather precise
nonintrusive measurement of reactant concentrations, turbulent velocity fluctuations, temperatures, etc., generally by
optical means using laser beams. The other is the compelling demand to solve hitherto bypassed problems such as iden-
tifying the mechanisms responsible for the production of the minor compounds labeled pollutants and discovering ways to
reduce such emissions.

This new climate of research in turbulent combustion and the availability of new results led to the Symposium from
which this book is derived. Anyone interested in the modern science of combustion will find this book a rewarding source
of information.
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